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Vectors

INTRODUCTION

A particle confined to a straight line fone dimensional motion) can move in only two direc-
tions viz. either upward or downward from the selected origin or towards right or left from the
origin. We can take the motion of the particle to be positive in one of these directions and negative
in the other direction. Therefore. in one dimensional motion. the vector quantities like displace-
ments, velocities and accelerations can have either positive or negative values. We can use simple
arithmetic 1o add or subtract vector quantities in this case. However. the situation is not that simple
m two or three dimensional motion. For example, in case of two dimensional motion, the particle
moves in a plang —say AY plang. The position of the particle 1s described by two numbers viz, x
and y coordinates. Suppose a particle is at point /| (x. y,) at any instant and aller some tme it

& *

1§ at another point £, (x,, y,). The vectors OF, and OF, (O 1s the origin of the coordinate system)

are not along the same line as was the case with one dimensional motion, To carry out the addition
* 3

or subtracton of vectors OF and OF; | we require special methods. This is called vector algebra.

Therefore, in order to study two dimensional motion (/... motion in a plane) and three dimensional

motion (i, motion in space). we need the help of vector algebra. In this chapter. we shall discuss

the varions properties of vectors.

8.1. VECTOR

The physical quantitics in physics are divided into two groups viz, scafars and vectors. Thosc
physical quantitics which have magnitude only are called scalars e g, mass. length, temperature,
speed efc. The physical quantities which have magnitude and direction are called vectors e.g.,
displacement. velocity. acceleration efe. 11 a physical quantity has both magnitude and direction but
does not obey the laws of vector addition, it will not be called a vector. For example, electric
current 1n a wire has both magnitude and direction but it does not obey the Iaws of vector addition.
Therefore. electric current is not a vector.

A physical guantity that has both magnitude and direction and also obeys the laws of vecior
addition 15 called a vector

A vector 1s represented graphically by a straight line with an arrowhead Y
as shown in Fig. 8.1. The length of line (€24) represents the magnitude of ¢/
the vector (on suitable scale) and the arrowhead indicates its direction. Fig. 8.1

¥

Thus in Fig. 81, displacement vector (5) is represented graphically. The starting point (€)) of the

arrowed line is called tail of the vector and the end (1) of the arrowed ling is called head or tip
of the vector.



In writing, a veclor is represented by a single letter with an arrow on it. Thus in Fig. 8.1,
displacement vector will be written as -‘; . The magnitude of the vector 1s represented by the same
letter used for the vector without arrow. For example. the magnitude of displacement vector .5; s
represented as & or |,‘;;.

Discussion, The following points are worth noting !

(¥} The magnitude of a vector is a scalar and 15 alwayvs positive.

(#1) The magnitude of a vector is also called modulus of the vector and is represented by
enclosing the vector svmbol between two vertical lines. For example. the modulus of

E 7
displacement veclor 5 will be represenied as | 5.

(i1} Vectors can be added, subtracted and multiplied. However, division of a vector by another
vector is not a valid operation in vector algebra. It 1s because the division of a vector
by a direction is not possible.

8.2. SOME DEFINITIONS IN VECTOR ALGEBRA
(1} Equal vectors. The two vectors are said to be equal if they have the same magnitude and
the same direction.
> 3
In Fig. 8.2, the two vectors 4 and p are equal vectors because they have the same

magnitude and the same direction. For two
vectors 1o be equal, it is not necessary that

their tails should have the same starling 1
location. Equal vectors may have different >
locations but they must have the same

magnitude and the same direction. Thus in o -

: if

Fig. 8.2(7). the two equal vectors 1 and
(i) (i)

¥
1 have the same starting location (0.
5 ©) Fig, 8.2

However, i Fig. 8.20i). the two equal
P ¥
vectors 4 and B have different starting locations (). This property of equal vectors is
mportant becanse we can shifi a vector from one location o another in a diagram provided ils
magnitude and divection are not changed.
(if) Negative of a vector. A vector is said to be negative vector of a given vector if ils
magnitude i5 the same as that of the given vector but its divection is opposile,
3+ =y "
The negative vector of 4 1s represented as — 4 as shown in Fig, 8.3, Note that vectors

and - ; have the same magnitude but opposite directions. In other ¥4

words, the vectors have the same length but opposite directions. In = “ >
order to find the negative of a vector, we merely reverse its arrowhead.

Clearly. the addition of a vector to its own negative vector will result b == = a
in #ero magnitude 1.e., £

; 5 Fie 8.3
A +{=4)=08
This also applies to ordinary numbers, For example. the negative of 3 is —3 and their sum
=3+ (-3)=1(.
(i) Unit vector. In vector algebra. it is oflen useful 1o represent a vector by its magnitude
and a wnit vector A unit vector 15 a dimensionless vector that has a magnitude of 1 and has the
same direction as that of the given vector,



Vectors

A unit vector af the given vector is a vector of unil magnitude and has the same direction as
that of the given vecior.

:' -
For example. any vector 4 can be wrilten as |

*

A4 = .'.L'i
Here A is the magnitude of 4 and A is the unit vector whose magnitude is 1 and direction
¥ -
is the same as that of A, Note that wmit vector A is read as A cap’or 4 hat’.

A unit vector is used o specily a given direction. Unit vectors have no other physical
significance, Vectors can be convenently writlen in terms of unit vectors which point along the
chosen coordinate axes. In rectangular coordinaic y
system, these unit vectors are called 1, ; and k they
point respectively along the positive X, ¥ and £ axes as
shown in Fig, 8 4, Since unit vectors have magnitude
of 1. they may be used to give direction to vectors. For A }‘*
example, il a force (vector) of 6 N 1s acting along the

+ X dircction, we can represent the force as & N,

: — A
Similarly, if an object has a velocity (vector) of 55 A A
ms ', it means that magnitude of velocity is 5 ms ' and “1*'
its direction is along the —ve Vdirection. Note that the £ Fig. 8.4
only purpose of unit vectors is to indicate the direction :
ol a vector,

(iv) Zevo vector. A vector that has zero magnitude is called zero vecior or null vector

*
A zero vector or null vector 15 represented by (0 (arrow over the number zero). There 15 no
need to specily the direction of a zero vector as its length is #zero. The result of addition of a vector

(o ils own negalive veclor 18 a zero veclor i.e., .r; + (= I] = (;. Similarly. when a vector is multi-
phicd by zero. the resull is a zero vector f.e., t']{;i] f;,

Examples. (a) The velocity vector of a stationarv object i1s a zero vecior,

(#) The acceleration vector of an object moving with uniform velocity 1s a zero vector.

(¢} The position vector of the origin of the coordinate axes 15 a zero vector,

8.3. POSITION VECTOR AND DISPLACEMENT VECTOR IN A PLANE

Consider the motion of an object in the XY plane ¥
with origin at (. Suppose at any time 7, the objeet is at Pitxg. )
point P (x,. y,) and at time £, it is at point P, (x.. 1,).
1. Position vector. The position vector of an object
s the vecior __.r?‘-:mi'. the avigin {2 af ihe coordinate system r Pix,. 1)
fo the position of the object.

_}
Thus in Fig. 8.5, the position vector of the object at 7 2 v
> » . 3
point P, is OF (=#) while the position vector of the Fig. 8.5

n
object at pont 7, 15 OF, (:.‘rgia. The position vector of an object provides two imporiant
informations :

(1) It gives straight line distance of the object from the origin O (starting poini),
(i) Ii gives the direction of the object w.ri. origin.



2. Displacement vector. Displacement is a vector quantity and is called displacement vector.

We know that the displacement of an object is the straight line distance (shortest distance) between
- * 5

the initial position (£.) and the final position (/) of the object. Thus in Fig. 8.3, B/ (= Ar) 15

the displacement vector. The straight line distance PP, 1s the magnitude ol the displacement
vector and the direction of the displacement vector is from P, to 72,

Hence displacement vecior & a veclor thal poinis from object 5 initial position to its final
pasition and whose magnifude is equal to the straight line distance between the two points,

s -k o .
Position vector. OP, = xi+3]

- E “
Position veclor, P, = x,f + v,j

Displacement vector. 7, = Final position — [nitial position

= OP, - OF,
= (xj +y2)) ~ (58 + 1))
P = (=X +0n =)
84. ADDITION OF VECTORS
Vector addition can be done most easily by a graphical method. Suppose we want to add two
VECIors 35 and u;;; (supposc these are displacement vectors) as shown in Fig. 8.6(¢). To add them

graphically, we place the tail of vector {_; al the head (or up) of vector !—t as shown in Fig. 8.0(i1),
Note that we can move a veclor

from one place o another but we

cannot change the magnitude and j7a i
dircction of the vector while mov- - =

*
ing it. Having moved vector () .

*
we draw another vector R [rom (i) (1)
that tail of vector P to the head
» ¥ & -~
of vector (2. This vector R represents the net displacement (or vector sum of P and () and

¥ ¥

i3 called the resultant of vectors P oand ¢ . We can write the resultant in the form of mathemati-
cal equation as : ; ; ;

fHence the resulfant vector of two or move veciors is the single vecior which produces fhe
same effect as is produced by the individual vectors together, The advantage of resultant vector
15 that we can replace a number of vectors by a single vector. This makes mathematical analvsis
a simple affar

The method of vector addition described above is called
triangle law of vector addition. An alternative graphical method

¥ ¥
for adding two vectors P and O is shown in Fig, 8.7, In this

S

¥ ¥
construction, the tails of the vectors P and &2 are together and

]
the resultant vector R is the diagonal of the parallelogram formed 0

¥ ¥
with the vectors P and (0 as the adjacent sides. This is called
parallelogram law of vector addifion.
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(7) Triangle law of veetor addition. [f two veclors acting simultaneously at a point are
re presenfed in magniltude and divection by the two sides of a friangle faken in the same arder, then
third or closing side of the riangle taken in the opposite order represents theiv resuliant in
magnitude and direction.

* ¥
The triangle law of vector addition is illusirated in Fig. 8.6(i1). Here vectors P and (¢ are
represented in magnitude and direction by the two sides ol a tnangle taken in the same order. The
>
third or ¢closing side of the triangle taken in the opposite order represents their resultant & in
magnitude and dircction. , , .
(i) Parallelogram law of vector addition. {f two vectors acting simulianeously at a peint
are represented in magnitude and direction by the two adjacent sides of a parallelogram, then the

diagonal of the parallelogram passing through that point represents their resultant in magnitude

and direciion.
-F

The parallclogram law of vector addmion 1s shown i Fig. 87. Here veciors F mcitj}
are represented 1n magnitude and direction by the adjacent sides of the parallelogram. Then
diagonal of the parallelogram passing through point £ represents their resultant ,i'E in magnitude
and direction,

85, ADDITION OF MORE THAN TWO VECTORS GRAPHICALLY

The *tail-to-tip method can be used to add any number of vectors graphically, As stated
carlier, in this method the vectors are placed tp to tail ong at a time /¢, tail of the second veclor
15 placed on the tip of the first vector, tail of the third vector is placed on the tp of the second
vector and so on. The magnitudes and directions of the vectors should not be changed as thev are

—¥
moved about. The resultant vector & is represented in magnitude and direction from the tail of

the first vector to the tip of the last vector, In other words. £ is the closing side of the figure (of
vectors) taken in the opposite order.

(i) (éi)
Fig. 8.8

-3 * *

Let us illustrate the tail-to-tip method of vector addition considering four vectors A, B, €' and
+
1) |See Fig, 8.8 (i)]. Applying tail-to-tip method, these vectors are represented in magnitude and
i

* ¥

*
direction by the sides 0K, KL, LM and MN of the regular polygon respectively as shown in Fig,

»
8.8 (if). Then, the resultant g2 is represented in magnitude and direction from the tail of the [irst
vector to the tip of the last vector. In Dﬂ]':l’ words, the closing side of th»f.: pu::h. gﬂn taken in the
opposite order represents the resultant fﬂ i magnitude and direction /... ﬁ,‘ m This provides

* MNote thal tal-fo-ip methed has been explained in Art. 8.4,



us a useful rule for adding more than two vectors graphically. This is called polygon law of vector
addition. It may be stated as under:

[ a mumber of vectors acting simultaneously at a point are represented in magnitude and

direciion by the sides of a polyeon taken in the same aorder, then closing side of the polyeon taken
in apposite order represents the vesultant in magnitude and direction,

Proof. A little thought will show that polygon law ol vector addition is an extension of
Lndngh‘: faw uf vector addition. According to tnangle law of vector addition. {'}f 15 the resultant

of A4 and J':i" ie.,
¥ * ¥

OL =4+ 8
] * »
Likewise, (if is the resultant of ¢, and( i«
r ¥ : ] ¥ * ]
M =0L+C =A+8B +C
¥ * r —F
OM =A+C+ B

- - 3 -
Again OF is the resultant of O\ and D

== ] ) * ] = el

ON =0M+ D=4+ B+C+ D

—+

Bt =ArBrice D
8.6. ANALYTICAL METHOD OF VECTOR ADDITION

The graphical method of adding vectors takes considerable time if done accuratelv. We can
find the magnitude and direction of the resultant (or sum) of two vectors mathematically by using
triangle or parallelogram law ol veclor addition.

o
1. Triangle law of vector addition. Let two vectors h
Y -¥ !
Fand ) be represented in magnitude and direction by the E.::,f/__, &
B 2 / |
* ¥ o
sides 0 and AC of atnangle CAC taken in the same order, {’J x
Then according to triangle law of vector addition, the third or 0,;—-“1 o Fﬁﬂ_ Iy
: : - . - =
closing side of the mmangle taken in the opposite order repre- P 4
Fig. 8.9

r.:ms the resultant (= OC } in magnitude and direction. Let

R make an angle o with P e, [See Fig. B9] £40C =a,

(£} Magnitude of Resuliant, From O, draw CD perpendicular to (24 produced. Suppose
SCAD =0 . Note that 0 is the angle between the two vectors, In the right angled triangle

OnC,
W= : 2 = (A + ADY +(CD)Y

e ) WY (ﬂi} ' AL |In right angled triangle ACD,
R*= (P+Qcos®)’ +(Qsind)’ AD = O cospand CD = O sin(]

= P4 0% cos” 0+ 2P0cosH+ 0% sin” 0
= py {Lf‘ (sin® 0 4 cos® B) + 2P0 cost
= P? 40" +2P0cosH (= sin®B+cos’O=1)

R = P*+0 +2P0cost ... (i)
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(ii) Direction of resultant. From right angled triangle ODC,

L D () sin
lana = = =
0D Od+AD P+ 0cost
Jsin y
tano = & i)
P+ cosd

Thus. the magnitude of the resultant is given by cq. (7) and the direction of R with P is given
by eq. (i)
2. Parallelogram law of vector addition, Let two vectors

P and 0 be represented in magnitude and direction by the

¥ - ¥
adjacent sides (4 and (7 of the parallelogam COACE (See
Fig. 8.10). Supposc the angle between the vectors 15 O fe.,
2408 =0 . According to parallelogram law of vector addi-

. .:|. .'. - +
tion, the diagonal (¥~ represents the resultant R (= () in
* E

magnitude and direction, Suppose i makes angle o with #
Lel, 2400 =q

(7} Magnitude of resultant. From C, draw CD perpendicular on 04 produced. From geom-
elrv. ~DAC = 0. Inright angled triangle OD(C,
(OCY =(ODY +(CD) = (04 +A4D)" +(CD)y*
R* = (P +Qcosh)’ +(Qsin0) 7z Al =0 cosp ; (D= sing]

= P* 40" cos” B +2P0cos0+ 0% sin” 0
= p? +{f (sin’ B + cos” 0y + 2P0 cosd
= PP+ (P +2P0cosb

R =P+ 0% +2PQcos0 o (i)
(i) Direction of resultant. From right angled tnangle GDC,
ch b (2sin 6
fano = ——
oD o. f+;.iﬁ" F+0cosd
Jaml .
tand = ﬂ . (i)
P+Qcosb

Thus. the magnitude of the resultant 15 given by eq. (/1) and the direction of JE with .I": 15
given by eq. (iv).
Different cases.

(a) When the vectors act along the same direction 1.¢., () = (°.

H=1..,'|If:'2+@2+EF£§'C{J&[}“=\/{P+Q}E o H=FR4+D

(Jsin 0 0y
lano = = : = ] =0
P+Ccos0f P+l 5
Therefore, the magnitude of the resullant of two vectors in the same divection iy equal
to the sum of the mﬂgmmdﬁ of two vectors and the divection of the resultant is along

the direction of E—’ aned U



() When the vectors are at right angles e, () -90°.

R=+P? + 0 +2P0cos90° = \[P? + O

s 90° oL ¢
lano = = =

= e fania =
P+Ocos90° P+O0) P

o
P

(c) When the vectors act along opposite directions i.e., ()= 180",

R =PT+0% +2P0c0s 180° = (P - O)

R=F-0

i (Isin 180 _ ) -0
P+0cosl180° P+O(-1)

g =0° or 180°

Thus the magnitude of the resultant of two vectors acting in the opposite directions is
equal to the difference i the magnitudes of the vectors. The resultant acts in the divection
of the larger vector

8.7. SOME PROPERTIES OF VECTORS
We now discuss some uscful propertics of vectors,

E
(1) Multiplication of a vector by a real number. If we multiply a vector 4 by a real

3 B
positive mamber n, we gel the vector n /| which has the same divection as A and magnitude nA

ie.,
*

bk =0

Thus the magnitude of the vector becomes n times while ils direction remains unchanged. For
* ~¥
example, if we multiply vector 4 by 2, we get another vector B which has the same direction

as that of 4 but twice the magnitude ie.

»

T
B =24
I a vector is multiplied by a negative real number (e, —ni, the magnitude of the vector

¥
hecomes nd buit divection is opposite fo that of A 1.e.,

:|. ._b
- A ) = -n
) ) -* ¥ : .
For example. if we multiply vector 4 bv -2, we get another vector 5 parallel 1o A4 but in
opposile direction and of magnitude 24 e,

i *

B =-24
=
(if) Multiplication of a vector by a scalar. If we multiply a vector A by a scalar S, the
* ]
result is anoiher vector with divection of A but magnitude S5A. If § Is negative, 54 has a

*
divection opposite to that of A .

¥ »
If the guantities 5 and . both happen fo lm'ri: units, then vector & 4 is expressed in units
¥
indicated for such a product. For example. if 4 = 10 m/s north and & = 2 5 then & .
= 10 m/s = 2 5 = 20 m north.

(iif) Vector addition obevs commutative law, According fo this law, the resultant of the
vectors remains the same in whatever order they may be added.
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In order to find the vector sum of i

*

and E ‘I.‘I.'L can add (vectorially) cither A

_}.
—
© B or B to A (See Fig, 8.11). Vectors A B
'E 34 H and H 1 rl are the same because ?
they are parallel and have the same magni- B
tude. Their order in the addition does not R=A+B

mter, . ; . . ; Fig, 8.11

: R=4+E8B=58+4
It is intcresting to note that commutative law also holds for ordinary algebra because
3 Al =5

(v} WVector addition obevs associa-
tive law. Adccording to this law, the resull-
ant of the vectors remains the same in
whatever grouping they may be added.

Suppose we are 1o ["md LhL veclor sum
of the ‘i,u:lm .-1 E and 4.’ Thcn we can

A ,
d{ld " to the vector sum :}I‘ .=1 + H or add Fig. 8.12

,-p o the vector sum of ;':-* | f . Therefore. as shown in Fig. 812 ;

¥ * ::I-
h’.--] + H}+ {”— A LB+

This 1s quite logical. For the addition of any number of veciors, we can merely draw them in
head-to-tail fashion. The sum of all vectors is then just a vector from the tail of the first vector
o the head of the last vector. 11 1s intergsting o nole that associative law also holds good for
ordinary algebra because (2 + 3)+ 4 =2+ (3 + 4),

Example 8.1, The angle between two vectors of equal magnitude is 120°, Prove that the
magnitude of their resultant is equal to either of them.

Solution, P=0;08=120°

= *'-.l'r:i"? +'L?'1 + 2P0 cosl = *u':f’l + PP +2P% cos120°

|' s e
llzﬁf’- L2P7 | EI] =yJ2pt - p?
\

—p

L k=P

Example 8.2, Two forces of 30 N and 40 N are inclined to each other at an angle of 60°,
Find their resultant, What will be the angle if the forces are inclined at right angles to each
other?

Solution. P=30N: 0=40 %

When © = 60°. The situation is shown in Fig. 8.13 {i).

=
D

=40 N

.
P=30N P=30N
(1) Fig. .13 (ii)



R= Jﬁﬁ FOF + 2P0 cost = J{Bﬂf +(40)" +2x30x 40 cos60° = 60.83 N

Osinth  40sin60°
P+Ccos) 304 40cos60°

Therelore. the resultant has a magmtude of 60 83 N and makes an angle of 34.6% with 30 N force.
When O = 90°, The situation is shown in Fig, 813 (i),

tan = = (.69 a

tan ' 0,69 = 34.6°

R= ,J P* +0% +2PQcos = J P? 407 +2P0cos90°

= P2 +0% = J(30)* +(40) =30 N

40 2 o 2
tan o = F_E_ijj S o= lap ' 1.33 = 53.06°
Therefore, the resultant has a magnitude of 50 N and makes an angle of 53.06% with 30 N
force.

Example 8.3, The resultant of two equal forces acting at right angles to each other is
1414 N. Find the magnitude of each force.

Solution. P=0:R=HI4N: §g=90°

R= [P? +0% +2PQcos = \P? + P2 4277 cos90° =2 P

R 1414
V2 N2
Example 8.4, The magnitudes of two vectors are equal and the angle between them is .
Show that their resultant divides angle 0 equally,

P=

Solution. P=0:p=0
Qsintd  Psinb  sind
B &= B 0Ocos® P+PcosD 1+cosb
. B 8} e [l . B
2 5in - cos 25 > Cos - sin [ i 0
= £ = = = = Lan — o= —
g i 2 2
14| 2cos’ -ﬂ—l 2 cos? cos i

We can also find the magnitude of the resultant.

RP= P? 4 P2 12P? cos0 = 2P +2P% cosO = 2P (1 +cos0)
2 [e T i
= & 1+I EL'::.*-;EE —1 | =477 cos’ 2
T 2

&
R= 2Pcos—
2
These results are very mmportant.

Example 8.5, The sum of the magnitudes of two forces acting at a point is 18 N and the
magnitude of the resultant is 12 N, If the rvesultant is at 90° with the force of smaller
magnitude, what are the magnitudes of forces?
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Sﬂ!utiun. Eig. 814 shows the f:mldilii:nns ol the problem.
Here P and ¢ are the two forces and R is their resultant,
It is assumed that !: 1s the smaller force.

It 1s given that P+ (J = 18 N and X = 12 N. Refernng
o Fig. 8,14, we have,

RE=0°-FP or RF=(0+P©-P
= 144=18(0 - P} or (- P=8N
Now F+ (=18 N and ¢ — P = 8 N. Therelore,

@=13Nand P=5 N,

Example 8.6, A particle has a displace- c o
ment of 12 m toward east and 5 m toward )
north and then 6 m vertically upward. Find frm
the magnitude of the resultant displace- i W F
ment.

Solution. Fig. 8.15 shows the conditions 5 m

¥ 5
of the problem. ©F is the resultant of (34 o 120 'fll' 5
; :

and AR, Fig. 8.15

OB = J(OAP +(4B) = 127 +(P =13 m

¥ * 3
Again () is the resultant of OF and BC

0C = (OB +(BO) =J(13)® +(6)* =205 = 1432 w

Example 8.7, A person moves 30 m north, then 20 m east and finally Eﬂu'rﬁ m south-west.
What is the displacement from the original position?
solution, Figure 8,16 shows the conditions of the problem. Resultant displacement is given by |

¥ ¥ —¥ ¥
l":' — IE;I + J.i.'llj =t Ih']

Let i and ; be the unit vectors along east (E) and north
(M) respectivelyv. Then,

* 2 * 3
Sy = 307 8, =200 W B
g = —304/2(cos45% +sin43°) =—30; —30;
o = (30)+(20i)+{-30i —30;)=-10;
o
Therefore, the resultant displacement is 10 m west,
Fig. 8.16

8.8. SUBTRACTION OF VECTORS
In order 1o subtract vector f§ from vector 1  first reverse the direction of j; . thus producing

> » »
~B . Then add 4 and (- 5) by parallelogram law of vector addition,

¥ ¥ ¥ -

*
R=A+{-HB)=A-8

£ >
Consider two vectors . and £ of the same kind and inclined to cach other at an angle 0 as
shown in Fig. 8.17. (7).



(i) (1) Wiy
Fig. 8.17
o

. - ¥
(/) In order to find A- 2. reverse the direction of £, thus producing — B as shown in

Fig. 8.17 (ii). Then find the sum of J and H by parallelogram law of vector addition.
The required dilference 15 # and i1s shown in Fig. 8.17 (i/).

b » ¥ » ]
H=d +{(=8)=4-8
» ¥ * »
(ii) In order to find B- 4. reverse the direction of 4, thus producing — 4 as shown in
- ¥ ¥

Fig. 8.17(ii). Then find the sum of B and - A . The required difference 1s £ and is
shown in Fig, 8.17 (iii).
» » ¥ » »
R=B+(—-Ay=85-4
8.9, RELATIVE VELOCITY IN TWO DIMENSIONS
Two bodies A4 and # moving in a plane (two dimensional motion) may not have their motions
> &

along the same ling. Conscquently, their velocitics v, and v will be inclined at some angle as
shown in Fig. 8.18,

() In order to find the relative velocity of body 4 wirt. to body I
» ¢ L&
B (V). we superimpose a velocity —v, on both the bodies. 0
As a result, the body 5 is brought to rest. Then the resultant T
. ) - * ! * -h"
velocity of the body A 15 v, —v, and 15 equal o v, . o2
8
¥ ¥ ¥ * *
A e . Fig 818
Vag = Vy— Vg = vy t(=vy) &
* ¥ -+

Therefore. mn order to find V5 . reverse the direction of v, and find its sum with v

by parallelogram law of vector addition.

- ¥ -
(#) Similarly, vy, = vg-v,
» »
Again parallelogram law of vector addition can be used to find the sum of v and —v, |

8.10. MAGNITUDE AND DIRECTION OF RELATIVE VELOCITY

-# *
Consider two bodics /1 and & moving with velocities v, and v, respectively inclingd at an
angle 0.
() Relative velocity of 4 wert. B. As discussed above, mrelative velocity of A wirt. B is

Vyg = V=V =V, +{—Vg)
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¥ ¥

*
In order to find v, . we find the sum of v, and — vy by parallelogram law of vector
+ —n * B
addition. This is illustrated in Fig. .19 (/) where the vector sum of v, and —vyg is v (= OC) .
¥
Magnitude of v, 1s

Vig = \il'rv‘ﬁ + 1".%} + 2v v cos (180° = 8)

i Vg = 't-'fT; *‘V,EE ~2v vy, costl

» ¥

The angle o which v ; makes with — v, is

v, sin{180° — )

vg +v, cos(180° ) O tane=

Lan i =

v, sint

vy — v, cost

Loy
- o i -
(£
Fiz. 8.19
(if) Relative veloeity of B wrt. A, The melative velocity of B wrf. 4 is
i * ) » L

Mgy = Vp— ¥y =vp+{=v¥,)

» » .
In order to find v, . we find the sum of v, and —v

¥

4 bv parallclogram law of vector

addition. This is illustrated n Fig, 8.19 (ii) where the vector sum of vy and —v, s vy, (=00 ‘?'} :
F

Magnitude of vy, is
[

2 _ =
» ata b ] ; n
Vig =4V TV + 21,0, cos(180°-0)
T R e s
i Ly: ¥ \[ Vi TV~ 2y, vy cost

¥ b

The angle [ which vy, makes with v, 15

v, sin( 180° — 1)
tan i = '
v + v, cos(180°—10)
* ¢ 5in ()
or tan [} = i

Vg — V4 cosi)



8.11. APPLICATIONS OF RELATIVE VELOCITY
We shall discuss a few applications ol relative velocity in two dimensions.

(7} Boat to ¢ross the river alone shortest path. I 1,;
Fig. 8.20 shows river flowing from rightto left. ————-—— % -~ Prie e a
Point A is the starting point of the boat and point EEZ{EEE:{{EE}:{EE}:E:'}_{EE}:ZE%—'E
H is directly opposite to point .4 on the other side .___,.-- :- > :“_ : __.}.-2:, n_.:_ .;t- River flow
of the river. It is desired that boat should follow —------ 3-8 /"W m---—--f-—
the shorlest path 4B. The river flow will carry =zorzzmsge?ioswrossrosssssps
the boat downstream as the boat crosses the river, 1 .
Fig, 8.20

In order that the boat follows the path AB. it
should be rowed upstream making an angle © with 45 as shown in Fig. 8.20.

F ¥ &
Let vps = ¥ = Nelocity of boat w.rt. shore
: ¥ :
e = V» = Velocity of water w.ri. shore
¥ ¥* .
v = v = Velocity of boat wrts waler
} .:. - ..:|. :|. - ..;.
Vew = Veg T Vaw = Vepz — Vg
® » >
or V= WV,

. o — .
v { =vor) is given by ;
The magnitude of o 3

p "«."r"lz _"’zz
Now the boat moves across A8 with a velocity v.
. T _ AR _§
o Time of crossing of boal. ¢ = =
¥ W
Angle O is given by | sin 0 = v /v,

Note that angle € is determined by the magmitudes of 1.3; and 'Jl i

(r1)  Boat to cross the river in shortest time. In order that the boat crosses the river in the
shortest time, the nver velocity p; should help the

boat velocity . Therefore. the boat should be - 1 —

rowed along A7, Now the resultant velocity
v {(=vg, ) is given by (See Fig. 8.21)

- I === River flow
| g I S

y — 3 = - us - v
V= 'Iu'l + 1.-:‘: ............ mm m o m m m momm mfm o om

o = - .I?"I-\.
Magnitude of Vv gy +vy 1 otan g=—=

¥

Now the boat moves with velocity v along A and will reach point  instead of point 5 If
BC = x_ then,

Al = x"l v + 5% where § = width of the river

- Time of crossing of boat is

AC
£ —} =
¥y X A
MNow tan b =7 T % = i
v, S



Vectors

#*
(i) Relative veloeity of rain w.r. man. Consider a man walking east with velocity + . Lel

L 1 L] L} r .}
the rain be falling vertically downward with velocity , . In N
¥
>
order to find the relative velocity of rain wrd man (v_). /
s
» * I:" ..";
1 L; M L § N o 1 [ Fd 1 ::- W }
impress a velocity —v,, on rain as well as man. Now v, 18 —v, ke Vi
: ; W fl = ' g E
: g o :
the resultant of —v, and v, @S shown in Fig. 8.22. I
: ]
. : Sy ; P E _2_, ] - '|.-J.
Magnitude of v, 15 v = .,.,I'ur +v +2v v cos 90° g R
1I'|'hl
I r "'2 "1" El
o1 Vo, = \,I'v,, A Fig. 822
} -
Il § is the angle which v, makes with the vertical direction, then,
’ 'I'll?.l':'
tanll = — D)

vy

In order o save himsell from the rain. the man should hold his umbrella in the direction of

*
relative velocity of rain wer. man (v ). Inother words, the umbrella should be held at an angle
i with the vertical direction given by eq. (/) above.

Example 8. A river 1 km wide is flowing at 3 km/h. A swimmer whose velocity in still
water is 4 km/h can swim only for 15 minutes. In what direction should he strilke out in order
to reach the other bank? What is total distance covered?

Solution. Fig. 8.23 shows the conditions of the

" . : g 3 km
problem. The point O represents the starting position of : 0 . =

'k
}'I::i_ T i ik e il e i e e ke a ek

*
the swimmer. At this point. man’s velocity 38 =4 km/h

¥

and that of water current f.'J;rI = 3 kmv/h. The resuliant

¥

velocity of man will be @8 and he will reach point P on

the other side of the bank.

lant) = E OF ()= tan | i

LI

Magnitude of resultant velocity is

OB = J(OAY +(OB) = (3> +(4 =3 km/h

- Distance covered by the swimmer = OF < tme=5» .15’_ = 1.25 km along ©p'

60
Example 8.9, A boatman can row with a speed of 10 km/h in still water. If the river flows
steadily at 5 km/hr, in which direction should the boatman row in order to reach a point on
the other bank directly opposite to the point from where he started? The width of the river
is 2 km.



Solution. Suppose the river 1s Mowing [rom left
fo right and (2 15 the starting point. The boatman wants
1o rcach point P dircctly opposite to the point O (Sce
Fig. 8.24). Il he starts along OF. he will be swayed

o=
4

TITFTITTTERTTY
: ||I: uiht?.

[RELTRETAE] .I|'|I|:l||1 Hiiil

away due to flow of water and may reach point 2"
Therefore. in order 1o reach point P, he should stan

T

along op' (upstream), making an angle § with OP. [Z3:5525525000055)

7 + > *
The resultant velocity 1s now (IR . R = ()
3 OB = 04 + OI Fig. §24
5 . i BB B o
In right angled triangle OB'B. sl =——="=0.5 . 0=30°
B 10

Angle with the bank of niver = 90° + g = 90% + 30% = 120°
Therefore, the boatman should row making an angle of 120 with the bank of the river,

Example 8,10, A man is going due east with a velocity of 3 km/h. Rain falls vertically
downward with a speed of 10} km/h. Find the angle at which he should hold his umbrella so
as to save himself from rain,

Solution. Fig. 825 shows the conditions of the problem.

-
v, = wvelocity of man = 3 km/h due cast
:f [} L] I} ]
v = velocity of rain = 10 km/h vertically downward
z

v. = velocity of rain wef, man

L

[n order to save himself from the rain, the man should N
hold his umbrella in the direction of relative velocity of

ks -

rain w.r.t. man {je. Vi c

» » » ¥ * v L.
: W - - E
Now Vim = V¥ =% + (= Vi) |

» » | A
In order to find v, . reverse the direction of v, . |
»

* #
thus producing — v, . Now find the sumof v and - v,

by parallclogram law of vector addition as shown in Fig.

8.25. The umbrella should be held at angle § with the S
vertical where, Fig, 8.25
3 g
an@8=m-"_03 - 8 =16.7°
v, 10

f
Example 8.11. A boy is moving with a velocity of 3 km/h along cast and the rain is falling
vertically with a velocity of 4 km/h. Calculate the velocity of rain wrt. the boy.

: s : » : . :
Solution. Suppose v is the velocity of the bov and «  that of rain. Then velocity of rain wret
the boy is

* ~¥ * ¥ »
V=pg—v=u+{—-v)

Taking x-axis along cast and z-axis vertically upward (See Fig. 8.26), we have.

T 5 ' -
u=—d4k : v =3i
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7 = (k) 4+ (=3i) = —ak -3

*
Magnitude of 1™ is given by ;

[ = "Il[--éifll2 4+ -3}2. = 5 km/h

If § 1s the angle made by 1" with the vertical. then,

3 ,
tan £ = 7 =075 G=37" Fig 8.26

* *
Example .12, ABCD is a parallelogram and AC and BID are its diagonals. Prove that :

r ¥ ] » Y 3
(i) AC+BD=2RBC (ii) AC-BD=2AEB
Solution. Fig. 827 shows the conditions of the problem.
() Applving triangle law of vectors o A4RC . we have,

® * b ;
AC = AB4+ BC .- )
Applving tnangle law of vectors to ABC». we have,
— ¥ * - * - » = * 4
Bl = BU+CD = BC-AB ) (v b =—AB)
Adding eqs. () and (7). we have,

AC + BD = AB + BC + BC ~ AB D C

.I' — »
- AC+BRD =2 BC
(1) Subtracting eq. (7i) from eq. (f), we have,

AC=BD = (AB+BC)~(BC- AB) ; >
5 3 i 2 i Fig. 827
= AB+BC—- BC+ AB

PROBLEMS FOR PRACTICE

1. A boy goes 100 m north and then 70 m east. Find the displacement of the boy from the

-

b ]
Lo AC - BD =248

starting point, [122 m]|
2. Two forces of 3 N and 10 N acting at a point have an angle of 120° between them. Find
the magnitude and direction of the resultant force. [8.66 N ; 30° with 10 N force]

L

Two equal lorces & have a resultant of 1.5 . Find the angle between the forces. [82.82°]
4. A boat’s speed in still water is 20 km/h, If the boat is to travel directly across a river whose
current has a speed of 12 km/h, at what upstream angle must the boat head?

[126.9° with river bank]
A swimmer is capable of swimming at 1.65 ms ' in still water, (1) If she swims directly
across a 180 m wide river whose current is 0.85 m/s, how far downstream (from a point
opposite her starting point) will she land? (77) How long will it take her to reach the other
side? [(i) 93 m (i) 110 §]
§.12. RESOLUTION OF A \-"EF']‘{'}H IN ‘A PLANE

L

2

When we add two vectors such as 1 and /# , we can replace the separate vectors by a single

equivalent resultant vector, H = J e H We can do this in reverse 7.e., we can replace a single
vector by any two (or more) vectors whose sum gives us back the original vector. This is called
resolution of a vector.



The process of splilling a single vector into two or more vectors in different directions i a
plane such that their sum gives back the original vector is called resolution of a vector.
*

The vectors into which the given vector &£ is resolved (or = p—————a—

v !
splitted) are called the vector components of B, Fig 828 2 !
v -+ B /
shows the vector B resolved into two non-parallel vectors A / !
» '
and £ such that i
b > » h"
R=4+8 i

¥ ¥ ;
- X Fig. B.28
Therefore, < and B are the vector components of R . As .

any number of vectors can be combined to give a single equivalent vector, therefore. a vector can
be resolved into any number of vector components. The resolution of a vector into its components
oficn simplifics many problems related to vectors.

8.13. RECTANGULAR COMPONENTS OF A VECTOR IN A PLANE

When a vector m a plane is resolved (i.e.. splitied) mio two components al right angles to

cach other, the component veciors ave called rectangular components of the vecior
¥

Fig. 8.29(7) shows a vector /1 the A-¥ plane. It 1s resolved into two rectangular components
- & >
A, and 4 (along X-axis and Y-axis).

* » 1!

A = A +4

_1.
¥ * i
The vector components 4 and 4 are the rectangular components of vector 4 . Therefore,
* . 2 & ,
we can replace vector 4 by 4 and 4 . From the geometry of Fig. 8.29(i). we see that mag-
v ¥ 1 v =
] J- —
nitudes of components . and ,1)_ are related to the magnitude of A by :
A =Acos0 .4 =45sinb
Note that 4 _and A are not vectors these are x-component and y-component respectively of

*

-
vector 4 . Therefore, we can treat them as aleebraic quantitics. Thus, we can specify vector 4
in a plane by scalar components A (= 4 cos0) and A (= A sin ),

» o = | 3 - =
Magnitnde of 4. A = q,.,I'.--“i; + ;I_{. = (A cos b)) + (A 5n B)°

-
‘-'I"

Direction of 4 with X-axis, tan (] = 1

X 3
In short. we require two quantities 10 specily a vector such as A wiz either 4 and O or A _and A |
¥ Y '

O A

Fig, 8.29
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— > &
We can express the vectors 4, and 4, interms of unit vectors ; and j [See Fig. 8.29 (i)].
* e = A
.".I._.". "'.J.'l.' P -"'1_5- = ""1_1' g
¥ - S
A=A f+4 §
Mote that A (= 4 cos©) is not a vector ; ;J_j Is a vector. Similarly, /1, (= 1 sin ) is not a

vector : A7 is a vector.

8.14. VECTOR ADDITION BY RECTANGULAR COMPONENTS

Adding vectors graphically is not very accurate and is not useful for vectors in three dimen-
sions. A far more powerful and accurate method for adding vectors is o resolve the vectors mnto
their rectangular components,

..:|. .:|.
Fig. 8 30 shows two vectors 4 and B inthe X} plane. By mangle law of vectors, their vector

* H b »
sum s . MNote that vectors 4. B and R are resolved into rectangular components. [t is casy

¥
to see the component K of R along V-axis is equal to the algebraic sum of the components of
¥ ¥
the vectors 4 and B along X-axis i.e.,
H____. = ".!1 ¥ ‘H.'r
..:'
Similarly, the component R, of # along F-axis 15 equal to the sum (algebraic) of the compo-

o ~¥
nents of vector 4 and B along Y-axis re.,

R_]' - ..-"]:J. +.-'I:?J
¥
+ s A P = o ol B R S s - S o
R, B,
R

X
Fig. 8.30
The magnitude and direction of the resultant is given by ;
I
_ Ip? 2, tanB=_L
R Nl R 7

—F
Note that angle () (not shown) is the angle that & makes with the positive V-dircction,
Example 8.13. Find the resultant of the following forces acting simultaneously at a point,
(f) a force of 50 N acting along OX axis
(i) a force of 40 N acting at an angle of 60° to OX axis
(#if) a force of 60 N acting 3307 with OX axis.



Solution. Fig. 831 (i) shows the conditions of the problem. Let £ be the magnitude of the
resultant of the forces. Resolving the forces into rectangular components, we have,

: ;
40N i c
R,=46N ke
60°  SON X | 0
o300 O R =1219N
60N
(i) (i1}
Fig. 8.31

The xcomponent of R, £ = *Algebrmc sum of xcomponents of forces
= 3} cos 0° + 40 cos 60° + 60 cos 30°
= 50+ 20+ 519 = 1219 N
The p=component of &, RJ_ = Algebraic sum of v-=components of forces
= 50 sin 0% + 40 sin 607 — 60 sin 30°
=0+ 346 - 30 =406 N
As shown in Fig, 831 (i), R (= OC) represents the magnitude of the resultant.

R=\[R +R? ={(1219) +(46)" =122 N

K. .
anf=_Y =0.0377 - HB=tan"! Q0377 =22°

X
Note. Following the usual convention, the angle O is measured counterclockwise from the positive
A-ax1s.
8.15. RECTANGULAR COMPONENTS IN THREE DIMENSIONS
So lar we have considered the rectangular components of a vector in a plane. The treatment
can be extended to three- dlmmlsm:m] space in which case a vector will have 1hrce rc-:tdnguldr

components. Consider a vector I in space. It has three rectangular components . J ) .f‘ir and .I:

as shown in Fig. 8.32. PR G
A=A+ A+ 4,

- Z

- b
Magnitude of 4. ¥ = J.sl_; + A2+ 42

- > r

5
Note that 4, is the x-component of 4 A, is the ycomponent of A and 1. is the

T

¥
z-component of A |

*  An algebraic sum 15 one in which the sign of quantity 15 fo be taken into account. The component
along X axis 15 positive while in opposite direction, it 15 negative. Similarly. component along QY
15 posttive and thal in the opposite direclion 15 negalive.

** Note that 4_and A_are perpendicular to each other and their resultant 18 R ="HIIAE +,s{ﬁ . Mow d_1s

i |
L R Therelore, magnitude of 4 = ..,iu'H'E +,lf ;‘H.'I"'IE A+ 1‘1 ;
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=

We can also express vector o in terms of unit vectors as :
¥ -~ - -
A=d i+ A j+4Kk

Note that 4_is not a vector : A _; is a vector. Same is true for other two components.

Fig. 8.32

Addition of vectors in three dimensions. To add vectors in three dimensions, each vector 1s
resolved mnto three rectangular components and the treatment is carried out in a similar wav as in the

—¥ ¥ * *
two dimensional case. Suppose that there are three vectors A, / and O inspace and their sumis &

. :|. ..:|. - :|. ..:|.
R =A+ B+
The three corresponding algebraic equations are
R=A4+B+C;y R =, +B +C - R.=A+8 +C,

Note the economy, generality and elegance of vector algebra. A single vector equation repre-
sents three component equations,

Direction cosines of vector. If o, [ and v are the angles which vector 4 makes with X,
Y and 7 axes respectively. then,

A,
COs o = ]" or 4,=4 cosa
A ;
cos fp = 5 o A, =4 cos p
A.
COS:y = —_]:'- or A =4 cosy
l.. }
Here cos oo cos [# and cos ¢ are called direction cosines of the vector 4.
2 2 2
MNow Ar = A + A, +A
ar A* =A% cos® w + 4" cos’P + A4° cos™y
or 1 = cos'o + cos B + cos™y

Therefore, the sum of the squares of the direction cosines of a vector is always unity.
Example 8.14. A force is represented by ;

F ~y L oy

F = (2i +3j+6k) newton,
What is the magnitude of force?

Solution. Magnitude of force, f' = \/{2]1 +(32 6 =449 = TN



B b o - * H x -
Example 8,15, Two vectors are given as A=3 +9j -6k and B=8i —4j+8k. Find
Ir"'l.'é B I

Solution, A+ B= (3 +97 - 6k) +(8/ — 4] +8k) = 11i +57+2%

4 .
| A+ B| =117 +5% +27 = /150
Example 5.16. The components of a vector 4 are A, =0 A = 22, The components of

¥
vector B are B, = 33.2 and B = - 33.2, Write the vectors (i) in unit vector notation and
(if) pertorm the addition.
Solution. (/) In unit vector notation. the vectors will be expressed as ¢

¥

& A * " &
A=0i+22j - B=33.2i-33.2§

* ¥ o e 4 i 5 7 i _,,'
(i1) A+ B=(0i +22j)+(33.2i —332)) = (0+332) +(22-33.2)y; = 33.2i-11.25

E}umph: 4.17. Determine the vector which when added to the resultant of A = 3i - 5; + Tk
and B=2i —4,}: ~ 3% gives unit vector along p-direction.

¥ r

Solution, Resultant vector, ;E = A+ B
= (3 =Sj+ TR+ +4]-38) = 5 -+ ak
Unit vector along y-axis = ;
Required vector = [ —(5i —j +4k) = ~5i +2j-dk

] ¥ ¥
Example. 8.18. The x- and y-components of 4 are 4 and 6 and those of 4+ 8 are 10

¥
and 9. Find the components, magnitude and direction of 5.
. * : . ook . -
Solution. A = 4467 A+ B=10i +9j

¥

, -, * - ™ e - - -
B o= (10i +97)—-A=(10 +97)— (4 +6)= 6i +3j
-
Therefore, x- and y-components of 5 are ¢ and 3.

1Bl = J6)" +(3)" = 45

Direction of B, tanf === 6 = 26.56° with x-axis

>
5 2
3 . . . * . . -
Example 819, Given 4 = (2§ +3j+4k) and B = (3i - 5j + k) . Find the angle between
» —
A and B,

L
—

Solution. = Fuapadk G A= PR =50

B = ¥=5j2k v B- xh: F(=5) +17 =435
* > k " - A - ) -
Resultant R = A4 + B = (U +3j+4)+B3i =57+ k)

5i -2 +5k

R = \5'+27+5% =f54
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Now B =4+ B2+ 248 cos B
i_4P—pB? 5429135 3
oo =8 A B L R0 L opsgr s 0= 990
2AR 2429 %35

8.16. MULTIPLICATION OF VECTORS

Vectors have direction as well as magnitude, Therefore, vector multiplication cannot follow
exactly the same rules as the algebraic rules of scalar multiplication. Instcad. we must define the
operation of vector multiplication in such a way that we {ind it useful in physics. It is very useful
to define the following two kinds of multiplication operations for vectors ;

(/) Multiplication of one vector by a second vector so as 1o produce a scalar. It is called
scalar product or dot product of two veCLors.

(i) Multiplication of one vector by a second vector so as to produce another vector. It is
called vecror produci or cross product of two vectors,

8.17. SCALAR I"RU'TH_LT OF TWO VECTORS
Consider two vectors . 1 and B with angle i1 between them as shown in Fig. 8.33. The scalar
product of vectors 4 and B is defined as :
;; . !; = ABcoso
where /4 and 5 are the magnitudes of the vectors and ¢ 1s the angle
between them when their tails touch. Since A, 5 and cos ¢ arc scalars,

the product i .E} (read A dot 57) 15 *also scalar. The equivalent defi-
nition of scalar product is as under - : *

The scalar product of hwo vectors A and B is defined as the product of magnitude of one
vector (say A} and the scalar component of the other vecior (B cos() ) along the direction of the

¥
Sirst vector (A4).

Fig. 8.33

*

*
Thus in Fig. 8.34 (7). £ has a scalar component /2 cos() along the direction of A .

¥ -'l—l

i
AcosD

(7} Ty
Fie. 8.34

 J ¥ ¥ B
A.B = (4) = scalar component of 5 along the direction of 4
= {A) (5 cos0 )

¥ ¥
or A8 = ABcosb

*  This defimtion fits perfectly wath our defimtion of work done by a u:rwtd:m force e, we can winte
the work done by a constant force as the scalar product of force -.“,f yoand displacement ["3}

Work done, W= I*'_JS' = FScosh



Similarly, in Fig. 8.34 (i), H’I = (B) (A cosp ) = A8 cosp

Nate that the dot or scalar product of two veciors is a scalar guantity. Each of the vector
a >

A and B has a direction but the scalar product itsell docs not have a direction.

8.18. PROPERTIES OF SCALAR (OR DOT) PRODUCT
The following properties of scalar product {or dot product) are worth noting

(£) For given vectors A and B. the value of the scalar product depends upon the angle ©
berween them (See Fig, 8.35),

For p = 0° ; [ Jrj: =AB cos 0% = AB
For () = I80® 1 H AB cos 180° = — AR

For g = 907 ; ;I f‘.'i' = A8 cos 90% =0

Thus the dot prodhuct of twoe mutually perpendicular vectors is zero.

T ¢
1 B Bl
'_ h"' E}v LY.
6= 6= 180° =
1 B =AB A . F =-AB 0= ope
1 FE=0
(1) {ir) (i)

Fig. 8.35

(i) The dot product of two veciors obevs commuiafive faw, This directly follows from the
definition of dot product.

A.B=A(Bcost) = ABcost

o o—
B4 =B(Acosll)=ABcosl
L =
A.B=58.4
This simply means that the order of vectors in the dot product does not matter.
¥

Boo—b
(iii) The dot product obeys the distributive law. If (" = 4+ B . th

R
D.C=D.(4+B)

y ] i ks

= D.A+D.R
S 3 * E ¥
or DC=pD.A+D.RB

We can pmm it by referming to Fig, H ’iﬁ The component

of vector rf along the dll’i..LIlt‘.lll of f 3 15 fllL s of the

>

components of vector 1 and ﬁ along I'J. Fig. 8.36

(iv) The dot product of a vector with ilself gives square of its magnitude .

r . * ¥

A A=A D00 (8 =09 = A.Ad=4
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¥ ) — » — u
Note, If' A is perpendicular o B |, then 4.8 0. But il the converse is given fe, 4. F = 0, then
» ¥ * »
there are three possibibibes wiz. 4 <0, 8 =~ O or A LB

Examples of dot product of two vectors. In physics, there are many physical quantities (e.gz.
work, power, magnetic [Tux erc.) that can be described as the scalar or dot product of two vectors,

—F *

(i) Work done, W= FS cospp = F.N

* ¥

Thus work done by a constant force 1s the dot product of force (/) and displacement ( & ),
+ ..:|.
(i) Instantancous power, £ = fveosti = F v

;l-

r
Thus instantancous power is the dot product of force (/') and velocity (v ).

8.19. UNIT VECTORS AND THE DOT PRODUCT

We have seen that if two vectors are aligned (i.e., angle ¢ between them is zero). their dot

product is equal to the product of their magnitudes. However, if the two vectors are perpendicular,
their dot product 15 zero. Using these definitions of dot product. we can derive the following

relationships for the unit vectors j and k.
() Since ; is parallel to ¢ (e, § =09 am:] cach has a unit magniiudc,
ii = {1] (1) cos 0% = 1. Similarly, ; ; = 1and kk =
id :_;._,r =kk =1

(i) Since ; and } arc perpendicular and cach has a unit magnitude,

.a.

i} = (1) (1) cos 90° = 0. Similarly, /% =0and jk =0,
£.ji=

ik=jk=0

Consider two three-dimensional vectors A and B . These can be expressed in the rectangular
form as ; 3

A=Ad+A, j+Ak ; B=Bi+Bj+Bk

] H—{!: |;i;-| Tk}{ﬁ:+h’;lﬁ.{]
th the distributive law. it will vield.

A.B= A B, + AB, + AB.
This is a very useful relation.

3 AB AB +AB +AB.
Also A.B=ABcosh . cosb= IR e Al . S,

AB AR

¥ ¥
Thus we can find the angle & between the vectors A and B Note that 4 and # are the

# ¥
magnitudes of vectors 4 and B respectively i.e.,

A=Al + 47+ 47 H=JB§ +B; + B

r

Example 8.20. If R=A4- B, show that R® = 4> + B* — 248 cos0 where 0 is the angle

¥ ¥
hetween A and B



*

¥ -
Solution, R=4A-8

*
Taking dot product of 7 with itsell, we have,

’ >

b . »
KA =0A = BY.(d - B)

- ¥ — —
Bl 4, o i—ﬁ“l-.—fiﬁ‘

5] )

or R* =A% - ABcosd - BdcosO + B
R* =:_11 - B* ~24Bc080

¥ * - - ¥ - - -
Example .21, Find the angle between the vectors A=3i+2j+kand B=5i -2j-3k.

) 3= A.B
Solution. 4. B=ARcosB .. cosf= T
Now A B=A,B +A4,B,+AB, =3 x5+2 (D+({D(-=3)=8

A= ‘JII’IE =t 1? 3 1? _,,u.'l:_gi |'.?,2 4 ]3 . ‘q'lﬁ

3

cosll = ———— =035 or { =cos 035 = (9.5
J14 %38

Example 8.22, The sum and difference of two vectors are perpendicular to cach other,
Prove that the vectors are equal in magmtudc.

Snlulmn Suppose the two veclors are - l and H The sum and difference are (. 1| H‘: and
{_rl— E‘] . Since these two are perpendicular to each other, their dot product 1s zero r.e.,

» * ¥ ¥ * »

¥ = oo ¥ » ¥
(A+B)(A-B)=0 or 4. 4-A.B+B.A-B.BE=0
or A —ABeosO+BAcosi—RB2 =0 or 42_pl_o . A=+R

» o F
Example 8.23. The sum and difference of two vectors are equal in magnitude i.e. | 4+ B |
—w ¥ ¥ o
= | 4— B|. Prove that vectors 4 and B are perpendicular to each other.
¥ - -# —F
Solution. | A+ B|=|A-B|
= A AR B
or | A+ B|° =|A- B} - (1)

We know that dot product of a vector with wtself is equal 1o the square of the magnitude of
the vector. Therefore, expression given in eq. (i) can be written as ;
*

e e b ;
( A+ BY.(A+B)=(A-B).(A-B)

or Yids A BrBAB B =A A=A BB A+B B
or A% + ABcosO+ ABcosb+ B = 42 — ARcosO - ABcosO + B
or 2A8Bcosb = =24BcosB

or dABcosf =0 or cosB=0 - B=90°
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Example 8.24. H the magnitudes of two vectors are 3 and 4 and the magnitude of their
scalar product is 6, find the angle between the vectors,

: ¥ ¥ . . ;
Salution. Let ¢ be the angle between the two vectors 4 and /3. Their scalar product is
.} .:.
A.B = ABcost)

Here A B=6;: A=3: B=14

1

6=3xdxcosh Or cost =05 .. § =60°

Ixd
3 b, e " ¥ i A
Example 8.25. Prove that vectors A=i +2j+3k and B=2{ - j are perpendicular to
each other.
Solution. ; g 3_; e T ;;,: =2

¥ ook
The two vectors arc perpendicular if 4. BE=0 .

bl & - =7 - - .
MNow A.B=(i +2j+35).(2i - )
=1 x2+2x(=1)=2-2=0

¥ ¥
Since the dot product of .1 and £ is zero, the two vectors are mutually perpendicular.
» » *

¥
Example 8.26. The resultant vector of Pand Q is R. On reversing the direction of ¢,
'
the resultant vector becomes § . Show that :

R +8*=2P*+ Q%)
Solution. Let § be the angle between p and 0 -

- ¥ ] ] ] ¥ ¥
Given : R=P+0 and S=P-0
o= ¥ » b *
Now E.R=(P+h(P+ChH
» ks * * ¥ ] ] )
ar =P P+P.O+0.P+0.0
or R? = PY + PO cosO + POcosf+0*
or R = P* 407 +2P0cosDd )
- — <o =k » >
Also 8.8 =(P-0O).P-0)
iy ¥ ¥ * * -¥ ] ¥ ¥
or S =p P-P.O-Q P+Q.0
or St = P — PO cosO - POcost + O
or St =P +* —2P0 cosh o L)

Adding eqgs. (1) and (i), we have,
R*+ 8% =2(P* 40"
Example 8.27. A particle moves from position {3:2 +Ij —GI;} to a position {l-lf + 13} -—H.FE}

in metre units and a constant force (47 + 27+ 3&) newton acts on it, Calculate the work done
by the force.



b e s e i ) o
Solution. =% +2j-6k ; =14 +137+9%

¥ ¥

Displacement of the particle. SE r—n = (147 + 13f+ 'Jij (3 + _; = 15};'}

= 11 + 11 + 15k
The work done by a constant force is equal to the dot product of force and displacement,
Work dohe. W =F.5 =4i + 27+ 2011 +11) +15k)
= 4x11+2x11+3x15 = 44+ 22 +45= 111 J
Example 8.28. If unit vectors 4 and B are inclined at an angled . then prove that :
B

|A-B|=2sin-
2
Solution. We know that |_f-} —f?]"a :{ﬁ—fﬂ.{ﬂ—ﬁ}
or |A-BP=A-A+B-B-248
= (1" + (1" = 2D{Decosd
= 2=2¢cos0 = 2(1-cosd)

3 L
i 1
2[1—| I—E!-;in?' j]J = 4gin” [1

% N
|A-B|=2sin-
2

Example 829, Find the magnitude and direction of vector i "‘.} .
Solution. Magnitude of vector i +; is

i A 7 24142

i+ =1+ 17 =2

Suppose the vector ; +; makes an angle o with x-axis (r.e. with unit vector ; ). Then,

(i+ )0 =|i+]||i]cosB (v A.B=4Bcosd)
ar Pi+ g0 =2 cosl
1
or 1+0 Zcos® o cosbD=— or O = 45°
A2

:. -~ ~ [l
Example 830, Find the unit vector parallel to the resultant of vectors A=2i —6j- 3k
] ~ - "
and B=4i +3j-k.
» - *
Solution, Let # be the resultant of 4 and 5 .

R=A+B=(2i—6j-3k)+(4i +3j-k) = 6i -3 -k

R =|R|=+6° +(=3) +(—4)* =+/61

..:|.
The umit vector parallel to g 1s given by :
»

AR _6-3 6
R ol Jo1

=]

i k

3 _.: 4
*-.-'Iﬁ w'ﬁ
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PROBLEMS FOR PRACTICE

d 2
: T > n 2 . -1
I. Find the angle between the X-axis and the vector 4 =2 +3; +4k . [L““ E:|
¥ e X " * i - .r\.
2. Find the angle between the vectors 4 =2i +47+4k and B =4 +27 -4k, |90°]

a »
3. The magnitudes of two vectors . and & are 5 and 4 units respectively and the angle
¥ ‘]

between them is 307, Find the value of A5, [17.32 units]

& * * : 2 = * ¥ )
1. If A+B=0 and.4*= B*+ * then prove that 1 and B are perpendicular to each other.
> F * » »> T = ¥ ¥
. If A B and © are non zero vectors and 4.2 =0and 8.8 =0. find the value of A.C |
[AC]

N

¥ = . -, r A s ~
6. Determine the value of @ so that vectors A =5i +7j -3k and B =2i +2j —ak are perpen-
dicular. |- 8]
» i 2 - » 2 z i
7. Prove that vectors A =-2i+3j+k and B=i +2; -4k are perpendicular to each other.
3 H 5 o -+ - - L
8. A point of application of force /=35 —3/+2k is moved from # =2i +7j+2k (o

..:|.

¥, =—5i +2j +3k . Find the work done. [~ 22 units]

* ¥ S - . » - -

9. Find the angle ¢ between vectors A and B where o =-21 +2j5 and B=243i +25.
[105°]

10, Show that A is perpendicular io B if |4+ B|=|A-B].
8.20. VECTOR PRODUCT

T ¥
Consider two vectors 4 and £ as shown in Fig. 837 (i) where the angle ¢ is the smaller of

the angles between the two vectors. The vector or cross product of vectors 1 and 5 15 another

=
vector (¢ given by
» --} -
C=AxB X
* ¥
It is called vector product of vectors 4 and £ because (7 is itself a vector. The magnitude

k *

-
and direction of ('(= 4 = B) are defined as under ;

—¥

(i} The magnitude of ¢ 15 given by | (" = 4Bsin0

A F=7«F AT =TxF

7 B
i

& ‘II.-'
plane of 4
Aand B
() (if)
Fig. 8.37




Here A and B are the magmitudes of vectors A and & while ¢ 1s the smaller of the angles
* »*
between vectors o and B |See Fig. 837 (1))

3 * ¥
(ify The vector ¢ is perpendicular to the plane containing 4 and & and its direction is given
by right-hand rule [Sce Fig. 8.37 (4)]. Curl the fingers of the right hand in the sense
*

¥

that would rotate the first vector 4 into the second vector B through the smaller
¥ * ~¥

angle between them, The extended thumb gives the direction of ¢ (= 4= B). Apply-

¥
g this mule to Fig, 8.37(i7). the direction of (" 15 vertically upward,

2

» »
Note. The direction of ' {= .4 =« H) can also be found by Right hand screw rule stated below
If a i':';;]’u ."rfmdm' screw placed with s axis perpendicular 1o the plane containmmg the bvo veclors is

rotated fFom 'E i) E‘ throngh smaller angle, then the divection of advance of the np of the screw gives the

* ¥ x
amreciion of C{=A=x R).

Applyving this rule to Fig. 8.3707). the direction of {* 15 verticallv. upward.
8.21. PROPERTIES OF VECTOR PRODUCT

The following are the mennani properties of vector product or cross product

(1) For given veclors ’! and .i’i‘ the value of the cross product for angle 90° between them
is equal fo the product of magnitudes af the fwo veciors ie.,

For =90° 4 % B = AR sin 90° = AR

(1) The cross product of twe vectors does not obey commutative law ie., 4= B# Bx 4.
¥ >

Thus rel“crnnb 1o Fig. 8.38. the direction of veclor A = B is opposite 1o that ol veclor

.fi' % .«'! . Since the magnitude in each case is A8 sing | it follows, therefore, that

Ax B=—B % A4)

_}.

G .
7

—¥

<:<' i
Y B
3

Fiz. 8.38
Thus reversing the order of the vectors reverses the direction of the cross product. There-
fore, commutative law does not hold for the cross product although it does for the dot
product of two vectors.
(1iy The cross product of a vecior with itsell is zero i.e.,

*

Fe ; = (2 B=0r)

» *
(iv) Suppose two vectors 1 and 5 are parallel or antiparallel. The angle ¢ between them is

* ¥
either 0° or 180°. Then A« B = 0. The cross product of paralle! for antiparallel vectors)

I8 Zero,
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(vy The cross product obeys distributive law i.e..

* * ¥ * * ¥ ~¥
Ax(B+C)=dxB+AxC
(vi) The magnitude of the cross product of two vectors is equal to the area of parallelogram

Jormed by them.
¥ ¥

Suppose two vectors 4 and B are represented in magnitude and direction by the two

* ¥
adjacent sides OA and OL  of the parallelogram OLKM (See Fig. 8.39). The area of the
parallelogram is given by ;
= (LxMN = Bidsint =48 sind

l. ..-'I::II F * l-(;}
/ .
/ B
ino / 5 g
! e ’1\‘
/ T \
g R R'x.
i ’ \
——————— ‘l‘l. ']
Fig 8.39 Fig. 8.40
5

But A8 sing) 1s the magnitude of the cross product 4 = B . Therefore, the magnitude of
the ¢ross product of two vectors is cqual to the arca of the parallelogram formed by them.
Note. The arca ol parallelogram formed bv the two veclors 1s

Area OLKM 2 < Area of triangle formed by twio vectors

Henee the magnitude of the cross product of two vectors is equal o twice the area of iriangle

Sformed by then
(vii} There is an interesting and usciul geometrical interpretation of the cross product of two
3 »

displacements. The displacements R and & in Fig. 8.40 form a parallelogram whose arca
A= RSsinb. _} ; 3 g
This area 1s the magnitude of the cross productof R and S ie. A=|R = §|=RKSsing.

* » B

e define an oriented area element as a vector A = R = § whose magnitude is the avea of
» F *

+
the parallelogram formed by R and & and whose divection is perpendicular to plone of R and § .
In this way, we specily the orientation of an element of surface arca.

Examples of cross product of two vectors, In physics. there are many physical quantitics
(i.e. torque. lincar velocityv, centripetal acceleration eie.) that can be described as the vector or
cross product of two vectors.

; . . ¥ ¥ ¥
(#) Lineat velocity, . — . w.p

Thus linear velocity of a particle in rotational motion is equal to the cross product of its

¥ ~3
angular velocity (m) and displacement vector (),
* ¥ *
(1) Centripetal acceleration, a, = o = v
Thus the centripetal acceleration pf a particle in rotational motion 1s equal to the cross
product of its angular velocity (w) and its lincar velocity (v) .



822, UNIT VECTORS AND THE CROSS PRODUCT

The cross product of two vectors can be evaluated in terms of the rectangular components. To
do so. we must consider the cross product of the unit vectors,

(/) Let us evaluate iwi. The resull is zero. Tt is because the two vectors are parallel
(sing = 0) and cach has a unit magnitade,

Tei = (D (1) sin0° =0

Similarly, jx;=0und kxk=0

(if) To evaluate i » j. refer to Fig. 8.41 which shows the unit vectors on 117 — *coordinate
system. The magnitude of each unit vector is 1 and so the magnitude of | },:; 15 1 ie,
|f:~a;| = (1) (1) sin 90° = 1, The direction of f:a} 15 given by the nght-hand rule and

from Fig. 8.41. it is along the positive Z-axis. But this is just the unit vector k . Therefore,
we have i x j =k . Simply reversing the order of the unit vectors gives jxi =—k .

f}{_}:—(}xe:}:a’:' &

Similarly,  juk =—(kxj)=i
and Ex;=—i;K§}=_; ! : AL
Consider three dimensional vectors A and 5 . These e ;
vectors can be expressed in terms of rectangular A
vectors as: }‘ J

» s - P ¥ o e -

A=Af+A j+A4.k: B=B i B j+B.k Y

' ' ' Fig. 8.41

* ¥

We form cross product ¢ = 4 7. expressing 4 and B n terms of their components,

b » 5 - " " - A
AxB=(Add+ A4 j+A k)= (Bi+8,j+B.k)
The distnbutive property allows us o carry out the multiplication and we get.

- > b = e

AxB=(AB, ~AB)i +(AB, —AB)j +(A B, — 4B )k )
In determinant form. this can be wrillen as

- i i ke

AxB=14, A, 4,

;HI B, B;

Another wav to express the resull is

- .:,. '. - :|. B A 5

A B =0 =i +C,J +C.k (D)

* The coordinate svstem shown i Fig. 841 15 called might-handed coordinate sysiem. The wut vectors

-

. J. &k associated wath the X, F and £ axes in that order are connected by the right-hand rule
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-
By companison with eq. (7). the componenis of ¢ are :
C,=AB,-A.B, ;C, =AB ~AB,;C =48, ~48,

Example 8.31. Find the cross product of vectors 4=2i and B = -2i +-’I}.

Solution, Ax H :{?f }x(—??+4}}
— —4{;:-1;]+3{ij}
= [!I—SE = E‘: 3

} - -
Note that in this cxample we sec again that the plane of A4 and 8 (the j - planc) 18
perpendicular to the direction of 4 = B (the & direction).
Example 8.32. Determine the arca of the parallelogram whose adjacent sides are

-
Ly

2%+ j+3kand i j.

k]

Solution. Let 4 and B be the vectors representing the adjacent sides of the parallelogram,

Here A=20+j43k = ;; S
* ]
The arca of parallelogram is equal to the magnitude of the cross product of 4 and B
* » ] = z 2
Now Ax B =i+ j+3kx<(i—))
= i k1) =20 % Y+ i) = 5 )+ e x 1) =3k %))
" 0-2k—k—0+37+3
AxB =3i +3; -3k
Magnitude of the area of the parallelogram

| e

= J[BJI +(3 4-{—3}?' =427 = 33 %q units

*

Example 8.33. Show that vectors 4 = i —5} and I; = 3§ —H]} are parallel to each other.
Solution. I the two vectors are parallel. then their cross product must be zcro 1.¢., ,-Ix JF; = ().
Now Ay B = =8 it =100)

= Ui xi)=100 % )Y =10(] xi)+50(i x )

= 2(0) - 10(k) ~10(~k) +50(0) = 0

*
Hence vectors 4 and B are parallel to each other.

= -

:I- -
Example 8.34. Find a unit vector perpendicular to both the vectors 4 =37 + j+2k and
B-2-2j+4k.

-

¥ ¥

Solution. By definition, the cross product of two vectors . and [7 is a vector that is perpen-
% g
dicular to both A and B |

Now Ax B={(3i + j+20)x (21 —2] +4k) =8 -8 -8k

¥ ¥ I =
| A% B |=+/(8) +(=8)" +(-8)" =843



- ¥ 1
2. Unit vector perpendicular to 4 and B is

- - & = ﬁ T U
Ax B Si-8;-8k I-j-k

i = = A

* *
| Ax B | 83 V3



